In 1966 it was shown that the maximum factor by which the amplitude of forced vibration of blades can increase due to mistuning is, with certain assumptions, 1/2(1+M), where N is the number of blades in the row. This report gives a further investigation of the circumstances when this factor can be obtained. These are, small damping, and a relationship must hold between the mistuning distribution y(s) and the interblade coupling function c(r), where r is the mode number. The mistiming distribution must be symmetrical about the blade on which maximum amplitude is to occur, s=0. The coupling function must be symmetrical about reR, where R is the mode number of the excitation.
INTRODUCTION
gave an analysis which derived the maximum factor by which the vibration amplitude of compressor or turbine blades could be increased due to mistiming of the blades, when the vibration is excited by wakes. This analysis considered rather general coupling between the blades, which could be either aerodynamic or mechanical. If all blades are equally damped, the maximum factor is 1/2(1+0'1), where N is the number of blades in the disc. It was also shown that this maximum factor can be achieved by an assembly in which just one blade is misnmed. This paper is believed to be entirely COITett. Whitehead (1976) gave a further analysis for the case when the coupling between the blades is purely mechanical. It was alleged that, with this restriction, the greatest factor by which the amplitude could increase is Vi(l+AN/2)). This will be referred to as the lower factor". It has been found that the proof leading to the lower factor is invalid, as it waiassumed that the responses in travelling wave mode R, where R is the mode number of the excitation, and in travelling wave mode (N-R) were equal. This is not in general true. It was also shown in this paper that the lower factor can be achieved when just one blade is mistuned, and the coupling is purely mechanical, and this analysis is believed to be correct
The purposes of the present paper are to examine the circumstances under which the maximum factor can be obtained, with general coupling, to correct the 1976 paper, and show how the maximum factor can be achieved in many cases with mechanical coupling.
There is a substantial literature on the effects of mistuning. This has been reviewed by Yiu (1991) , who quotes 102 references.
BASIC THEORY
Consider an assembly of N blades in an axisymmetrical disc. It is supposed that the natural frequencies of a single blade are well separated, so that only a single degree of freedom per blade is relevant Then all blades have mass m. The deflection of blade s, is given by stet, where to is the angular frequency of the excitation and the resulting vibration. The stiffness of the spring supporting the mass on blade s is k( 1 +y.), where y, gives the mistiming of blade s. A blade reference angular frequency w, : , is defined, where m 02=k/m.
The coupling between blades is such that the force on blade s due to deflection it, on blade u is klyte hn. k is included here in order to make k," non-dimensional. For mechanical coupling the reciprocal theorem applies, Ic.alc", but this is not in general true for aerodynamic coupling, and will not initially be assumed. Due to the axial symmetry, lc., is a function of (s-u) only, and will be written k, Due to the excitation by rotating wakes passing into the blades, the exciting force on blade s is kfie k". k is included here so that f has the same dimensions as blade deflection. The case when there is excitation in just one travelling wave mode, with It nodal diameters, is considered, so that =IL eikoN
Writing p=02/0 02-1 , a measure of the deviation of the excitation frequency from the reference frequency, this can be written in matrix form +ioht I -p I -K) X = F
To fix the phase reference, g a is taken real and positive.
It will be supposed that all blades have the same damping. Damping is provided by hysteretiC dampers with constant k6/n between blade and ground. If the damping is aerodynamic, this is equivalent to assuming that all travelling wave modes are equally damped. (The case when the travelling wave modes have different damping factors was considered in! Whitehead (1966) ). Since the main interest is when damping and Mistuning effects are both small, the details of how these effects are introduced into the model are of little importance, and the above choice has been made on grounds of algebraic simplicity. It is then not necessary to assume in the theory that the damping and mistuning effects are small. For small damping, no coupling and no mistuning, 6 is the logarithmic decrement of free blade vibration.
The motion can be expressed in terms of travelling wave modes. If the complex amplitude in mode r is y r then the amplitude of blade s is given by xs = E y r e 27iniN (2) r-0 Equations (1) and (2) can be expressed in matrix form
where the complex matrices are X column, elements x, Y column, elements y, E square, symmetric elements e bt"sm F column, elements t G column, one non-zero real element g" in row ft.
The inverse of E is given by where the matrices are diagonal with real elements y, I unit matrix K square with elements kw.
There is a double redundancy implied here, since adding a real constant to the diagonal elements of r, and also adding a real constant to the diagonal elements of K. are both equivalent to altering the value of p.
Putting (3) and (4) into (6) and rearranging gives the basic equation in terms of travelling wave modes
It is convenient to write
where C is a measure of the coupling effect on the travelling wave modes. The elements of C are given by The matrix C is therefore diagonal. The elements are the Fourier transform of the k" coefficients. The real part of C can be interpreted as giving the change of natural frequency of the travelling wave mode r due to coupling effects, when there is no mistuning, and can be due to either mechanical or aerodynamic effects. The imaginary part of C gives the corresponding damping of travelling wave mode r, and since all travelling wave modes are assumed to be equally damped, and that this damping is accounted for by 6, C is real and diagonal.
PERFECTLY TUNED BLADES
If yent) for all s, fa0, and from (7) (i6/n I -p 1 -C) Y G SO y, = 0 r • R and YR gR (115/7I -p -cm)
Resonance occurs when p+ca0. The ideal complex amplitude in mode R is fie " n8a/ja (10) The left hand side of equation (14), is now optimized subject to condition (13) written as an equality, since the amount of work into the system for a given set of z, values must be maximized, by adjusting the phase of y R so that it is pure imaginary and negative. The result is z, = 1/2 (1 + lb/N) (15) and z, = 1/2 (1/VN) r*R (16) From (14) the maximum possible amplification factor is given by and I Yid I ngR/8
;ad I Yid I 1/2( 1 + VINO (17) This is the amplitude on every blade.
WORK EQUATION
Premultiplying equation (7) 
From equation (6) and using (3), (4) and (8) +i6/n I -p BX -ECY EG
In the following, since C is diagonal, it will be more convenient to write c(r) instead of c,. Also y, will be written y(s).
Expanding equation (22) 
Equation (24) implies that (5 tends to zero. It is not possible to actually put 6=0, since this would imply infinite y id. Then equation (26) gives
where the sum is taken over all values of r, including r=R, and the equation is true for all values of s. Neglecting 8 in equation (26) implies that the damping is much less than either the coupling effects or the mistuning effects.
This shows that all the odd harmonics of c(r) plotted as a function of (r-R) are zero, so that c(r must be an even function of (r-R). Any even function will do, except a uniform c distribution, since that would mean that the coupling and mistuning effects would be zero, and the damping cannot be made small compared to that.
The required misturting is then given by equations (23) and (25). It will be noted from equations (23) and (25) 
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The maximum amplification factor can therefore be obtained by arbitrarily specifying either c(r) or y(s) subject to the required symmetry, and the other function is then determined.
These equations show how y(s) and c(r) are almost the Fourier transforms of each other, but that there are special terms for y(0) and c(R). Since a change of excitation frequency, or p, has the same effect as a uniform change to all the y(s) values, p can be set to 0 without loss of generality.
The principal modes and natural frequencies of the undamped but mistuned assembly may be obtained by putting 8=0 and G=0 in equation (22), and p then becomes the eigenvalue. Using equations (18) to (21) for the mode shape then gives exactly equations (23) and (25). This proves that with a combination of coupling distribution and mistuning distribution which gives the maximum amplification factor, then at the maximum the response is in one principal mode of the undamped system, and occurs at the resonant frequency of that mode.
Example 1
If c(r)=A r * R and c(R)=8 then equations (23) and (25) so that all blades are mistuned by the same amount except for blade zero. This is the one blade mistuned case, as in the paper Whitehead (1966) , apart from frequency shifts and uniform damping.
Example 2
Suppose that c(r)=A cos 12n(r-R)/N} r * R c(R)=B Then equations (23) and (25) This is therefore a case of three adjacent blades mistimed. Figure 1 shows the coupling and mistuttatg distributions for the case N=36, R=6, A=0.5 and B=1.
Taking the second harmonic for the c(r) distribution instead of the first would require blades 2 and -2 to be tnistuned as well as blade 0. Suppose that the c function has been specified over the range Osr5R. Symmetry about the r=R point then determines c over the range Rsrs2R, giving a symmetrical distribution over Osrs2R. Using the two symmetry conditions this may be extended to give an infinite array of symmetrical strips it'', width 2R.
The c distribution also has to repeat with period N. This is only possible if each strip consists of Q identical symmetrical sub-strips of width S•2R/Q. Then P sub-strips must just fill the total range 0 srsN, so that PS-2PR/Q.N. This shows that, at least when N is even, it is always possible to fmd a coupling distribution and a mistuning distribution which give the maximum possible magnification factor. The coupling distribution is a succession of alternating values, as shown in figure 2 for N=36. The mistiming distribution shows just blades 0 and NP mistuned.
It follows that any attempt to prove the assertion in Whitehead (1976) that the lower factor of 1/2(1+J(N/2)) is the maximum with mechanical coupling (R-0 and RN/2 excepted) must fail. The maximum factor by whit' the amplitude of vibration of any blade can increase due to misturung is 1/2(1+1/N).
2.
In order to obtain this maximum factor, the first condition is that the damping must be much less 'than the mistuning and coupling effects.
3.
In order to obtain this maximum factor, the second condition is that the coupling distribution c(r) / must be symmetrical about the point r=R, where R is the excitation order, and the corresponding mistiming distribution y(s) must be symmetrical about s=0. Subject to these symmetry conditions, either the coupling distribution or the mistuning distribution can be arbitrarily specified (except for a uniform distribution in either case), and the other is then determined.
4.
The vibration at this maximum is then in one principal mode of the mistimed system, and occurs at the natural frequency of that mode.
5.
If the coupling is purely mechanical, then an additional condition on c(r) is that it must also be symmetrical about r=0. This can only happen if the c(r) distribution consists of P identical symmetrical sub-strips of width S. Paiticular conclusions about when the maximum factor can be obtained with mechanical coupling are then as follows: 5a.
R=0 always gives a sohltion.
5b. R=N/2 always gives a solution if N is even.
Sc.
If N is even, 5=2 gives ' solutions for all R.
Scl. If N is prime, there is no solution except R=0.
6.
A statement made in an earlier paper about a lower factor when the coupling is purely mechanical is invalid.
7.
As a practical safe upper limit, the factor 1/2(1 +IN) can be used as the maximum factor by which mistuning can increase the stress in forced vibration.
8.
There is a slight advantage in using prime integers for the number of blades in a row, as with purely mechanical coupling the maximum factor cannot then be reached, except for the cast R=0, in which case there is usually no significant excitation.
